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1
, [2] , 2 , GCD,
, .
2 GCD
$\mathrm{R}\mathrm{i}\mathrm{s}\mathrm{a}/\mathrm{A}\mathrm{s}\mathrm{i}\mathrm{r}$ , , Bemardin
[1] modiy $\text{ }^{}$. .
$F$ $p$ , $f\in F[x_{1}, \ldots, x_{n}]$ . ’ $d/dx_{1}$ .
$f=FGH,$ $F= \prod f_{i}^{a:},$ $G= \prod g_{j}^{b_{j}},$ $H= \prod h_{k}^{\mathrm{c}_{k}}$
($f_{i,gj},$ $h_{k}$ ?1 , , $f_{i}’\neq 0,$ $p\parallel a_{j},$ $p|b_{j},$ $h_{k}’=0$) $f’=F’GH$ .
$\mathrm{G}\mathrm{C}\mathrm{D}(f, f’)=\mathrm{G}\mathrm{C}\mathrm{D}(F, F’)GH$
, GCD(F, $F’$ ) $= \prod f_{\dot{\iota}}^{a-1}$:
$f/ \mathrm{G}\mathrm{C}\mathrm{D}(f, f’)=\prod f_{1}.$ .
$\prod f_{i}$ $f$ , , $\prod f_{i}$ GCD , $F$
$f1$ . $F$ . D $f=GH$
. $f’=0$ . $x_{i}$ $f$ ,
$df/dx_{1}=\ldots=df/dx_{n}=0$
. $p$ . , $F$ $p$ ,
$f=g^{p}$ . $g$ , , $f$
.
, $g=\mathrm{G}\mathrm{C}\mathrm{D}(f, f’)$ . 0 , GCD(g, $f’/g$) $=1$
, Hensel . , ,
GCD(g, $f’/g$) $=\mathrm{G}\mathrm{C}\mathrm{D}(\mathrm{G}\mathrm{C}\mathrm{D}(F, F’)GH,$ $F’/\mathrm{G}\mathrm{C}\mathrm{D}(F, F’))$ , $GH$ , GCD 1
. , $\langle$ Brown ( GCD )
.





: $f_{1},$ $\ldots,$ $f_{m}\in K[X]$ ($K$ , $X$ )
: $\mathrm{G}\mathrm{C}\mathrm{D}(f_{1}, \ldots, f_{m})$
y\leftarrow ; $Zarrow X\backslash \{y\}$
$<arrow K[Z]$ ; $f_{i}\in K[y][Z]$




$\mathit{9}aarrow \mathrm{G}\mathrm{C}\mathrm{D}(f_{1}|_{y=a}, \ldots, f_{m}|_{y=a})$
if $g\neq 0$ $\mathrm{H}\mathrm{T}_{<}(g)=\mathrm{H}\mathrm{T}_{<}(g_{a})$ then
$adjarrow\cdot h_{g}(a)/\mathrm{H}\mathrm{C}_{<}(g_{a})\cdot g_{a}-g(a))$
if $adj=0$ , $f_{i}$ } $g|hg\cdot f_{i}$ then
return $\mathrm{p}\mathrm{p}(g)$
endff
$garrow g+adj\cdot \mathrm{A}\#(a)^{-1}\cdot M;Marrow M\cdot(y-a)$
else if tdeg(HT$<(g)$ ) $>\mathrm{t}\deg(\mathrm{H}\mathrm{T}_{<}(g_{a})$ then
$garrow g_{a}$ ; $Marrow y-a$




$\mathrm{H}\mathrm{T}$ , $\mathrm{H}\mathrm{C}$ , tdeg , $\mathrm{p}\mathrm{p}$ .
, $f_{1},$ $\ldots,$ $f_{m}$ , $y$ $a$ GCD g ,
. , $Z$ $<$ ,
, GCD .
g , , ,
, . , , , g
. , , ,
.
, GCD $\mathfrak{M}\grave{\grave{>}}$ $f_{i}$ GCD $h_{g}$ ,
, h .
$a$ g , $g$ $a$ , $g$ $h_{g}f_{i}$
. , $f_{i}$ , cofactor
, , GCD, cofactor
.
, GCD $y$ $K$ . $K$
, $K$ . .
3




$f$ , $x$ $x$
Hensel ( $\mathrm{E}\mathrm{Z}$ ). $x$ , $x$
. , $x$ , ,
$x$ .
3.2 $y$
, , , 2 Hensel
, . , $y$ , $x,$ $y$
2 [2] . ,
Hensel . , Hensel $K[X]=K[y][x, Z](Z=X\backslash \{x, y\}=\{z_{1}, \ldots, z_{n-2}\})$
. , $K[y]$ , ,
. , 1
. , Hensel ,
.
332
$x,$ $y$ , $f_{a}(x, y)=f(x, y, a)$ , } ( $Z$ ( { $a=$
$(a_{1}, \ldots, a_{n-2})\in K^{n-2}$ , $f_{a}$ . , $f_{a}$ $x$ ( $y$
) 0 , $f_{a}|_{y=0}$ , $yarrow y+c$ .
34 $K[y]$ Hensel ( )
$f_{a}(x, y)$ , 2 $f_{a}(x, y)=g_{0}(x, y)h_{0}(x, y)$ , $K[y]$
Hensel . , $\mathit{9}0,$ $h_{0}$ $x$ .
, .
, , $f$ , $x$ $1\mathrm{c}_{x}(f)$ , $1\mathrm{c}_{x}(f)$
overestimate . , P. S. Wang ,
:
1. $1 \mathrm{c}_{x}(f)=\prod u_{i}^{n}$: ($u:\in K[y,$ $Z]$ : ).
2. $i$ , $u_{i}(a)\in K[y]$ $1\mathrm{c}_{x}(g_{0})$ . $m_{i}$ , $1 \mathrm{c}_{g}=\prod u_{i}^{m_{*}}$
.
. $h_{0}$ $1\mathrm{c}_{h}$ .
, $1 \mathrm{c}_{x}(g\mathrm{o})\int 1\mathrm{c}_{g}(a)$ $1 \mathrm{c}_{x}(h_{0})\int 1\mathrm{c}_{h}(a)$ , $1\mathrm{c}_{x}(f)\parallel 1\mathrm{c}_{g}\cdot 1\mathrm{c}_{h}$ , , f
, $g_{0},$ $h_{0}$ .
3. $g_{0}arrow 1\mathrm{c}_{g}(a)/1\mathrm{c}_{x}(g_{0})\cdot g_{0}$ $1\mathrm{c}_{g}$
$h_{0}arrow 1\mathrm{c}_{h}(a)/1\mathrm{c}_{x}(h_{0})\cdot h_{0}$ $1\mathrm{c}_{h}$
$farrow 1\mathrm{c}_{g}\cdot 1\mathrm{c}_{h}/1\mathrm{c}_{x}(f)\cdot f$
. , $f=g_{0}h_{0}$ .
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137
, $\mathit{9}0$ , Hensel , $f$
, $1\mathrm{c}_{x}(g_{0})$ , . $h_{0}$ .
35 $K[y]$ Hensel
, $f=g_{0}h_{0}$ , go , $1\mathrm{c}_{x}(g_{0})$
. , $g_{0},$ $h_{0}$ $K[y]$ Hensel } , $f=g_{k}h_{k}\mathrm{m}\mathrm{o}\mathrm{d} I^{k+1}$ , $I=<z_{1}$ -
$a_{1},$ $\ldots,$ $z_{n-2}-a_{n-2}>$ , $g_{k},$ $h_{k}$ $\mathrm{E}\mathrm{Z}$ { . , $z_{i}arrow z_{i}+a_{i}$ [ ,
$I=<z_{1},$ $\ldots,$ $z_{n-2}>$ . $\mathrm{E}\mathrm{Z}$ , ,
, $p^{l}$ $\mathrm{Z}/(p^{l})$ . , $f$ $y$
$d$ , $K[y]/(y^{d})$ , $K[y]$
. , $ug0(a)+vh_{0}(a)=1\mathrm{m}\mathrm{o}\mathrm{d} y^{d}$ $u,$ $v\in K[y]$ , Hensel
$u,$ $v$
$\mathrm{A}$ ‘ $\mathrm{m}\mathrm{o}\mathrm{d} y^{d}$ . , $f=g_{k}h_{k}\mathrm{m}\mathrm{o}\mathrm{d} (I^{k+1}, y^{d})$ , $d$ $\mathrm{A}$ ‘ ,
$g_{0}$ , Hensel , $k$ $f=g_{k}h_{k}$ . $u,$ $v$
, $g_{0}(a)|_{y=0},$ $h_{0}(a)_{y=}0$ , Hensel .
$K[y]$ Hensel .
.
1. $f-g_{k-1}h_{k-1}= \sum_{t}F_{t}t\mathrm{m}\mathrm{o}\mathrm{d} (I^{k}, y^{d})$ . $t\in I^{k}$ , $F_{t}\in K[y][x]$ .
2. $G_{t}h_{0}+H_{t}g0=F_{t}\mathrm{m}\mathrm{o}\mathrm{d} y^{d}$ $G_{t},$ $H_{t}\in K[y][x]$ . $u,$ $v$ .
3. $g_{k+1} arrow gk+\sum_{\mathrm{t}}G_{t}t,$ $h_{k+1} arrow h_{k}+\sum_{t}H_{t}t$ ?$\mathrm{f}$ $f=g_{k+1}h_{k+1}\mathrm{m}\mathrm{o}\mathrm{d} (I^{k+1}, y^{d})$ .




, . [2] ,
, ,
, . , , $2^{16}$
. , , $2^{14}$ , , ,
. , . ,
$2^{29}$ , .
4.2 $R[y]/(y^{d})$
Hensel , $R[y]/(y^{d})$ , . ,
, $R[y]/(y^{d})$ . , Hensel ,





$\mathrm{O}\mathrm{p}\mathrm{e}\mathrm{n}\mathrm{X}\mathrm{M}_{-}\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{t}\mathrm{r}\mathrm{i}\mathrm{b}2/\mathrm{a}\mathrm{s}\mathrm{i}\mathrm{r}2000/1\mathrm{i}\mathrm{b}/\mathrm{f}$ctrdata , 3 Wang [11, $\ldots$ , Wang [151
. Athlon 1900+ , Maple7 . Maple
, Bernardin , Kernel ,
. Maple, Asir 1, 2 . .
, $\mathrm{N}$ 1 , $\mathrm{F}$
. , Asir ,
(Wang [8]) Asir .
$p$ 1 2 3 4 5 6 7 8
2 $\mathrm{N}$ $\mathrm{F}$ $\mathrm{F}$ $\mathrm{F}$ $\mathrm{N}$ $\mathrm{N}$ 10 1000
3 70 100 70 $\mathrm{N}$ 400 $\mathrm{N}$ 10 20
5 $\mathrm{N}$ 50 80 3500 200 400 10 600
7 80 100 100 250 600 500 20 1000
9 10 11 12 13 14 15
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1: Timing data (Maple)
5
, Asir (Version 20030307 ) , sffctr(Poly) . ,
$x^{3}+y^{3}+z^{\theta}+xyz$ $GF(2^{10})$ .
[0] setmod-ff $(2, 10)$ |.
$[2, \mathrm{x}^{\wedge}10\neq \mathrm{x}^{\wedge}3+1,\mathrm{x}]$
[1] sffctr $(\mathrm{x}^{\wedge}3+\mathrm{y}^{\wedge}3+\mathrm{z}^{\wedge}3+\mathrm{x}*\mathrm{y}*\mathrm{z})$ ;





$p$ 12345678910 11 12 13 14 15
547 44530 50 200 20 2000 200 40 300 16610
2 3 4 5 6 7 8 9 10
4 5 30 6 6 10
32003 4 4 5 40 70 200 4 2000 200 40 200 1 7 6 30
99981793 4 4 5 30 30 200 4 4000 200 40 300 1 8 8 10




modfctr (Poly ,Mod) , sffctr $()$ } ,
.




0 Hensel .. hard-tO-factor
, .
, 2 , [2] ,
.
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